Abstract. We extend the sphere theorem of [7] to give a conformally invariant characterization of (CP 2 , g F S ). In particular, we introduce a conformal invariant β(M 4 , [g]) ≥ 0 defined on conformal four-manifolds satisfying a 'positivity' condition; it follows from [7] that if 0 ≤ β(M 4 , [g]) < 4, then M 4 is diffeomorphic to S 4 . Our main result of this paper is a 'gap' result showing that if b
Introduction
In [7] , the first two authors with P. Yang proved a conformally invariant sphere theorem in dimension four. In this paper we extend the results of [7] to give a characterization of complex projective space. To state our results we begin by establishing our notation and conventions.
If (M 4 , g) is a smooth, closed Riemannian four-manifold, we denote the Riemannian curvature tensor by Rm (or Rm g if we need to specify the metric), the Ricci tensor by Ric, and the scalar curvature by R. We also denote the Weyl curvature tensor by W , and the Schouten tensor
We remark that the definition of the Schouten tensor in [7] (denoted by A) differed from the formula in (1.1) by a factor of two; however, in this paper we adopt the more common convention. In terms of the Weyl and Schouten tensors the Riemannian curvature tensor can be decomposed as
where ∧ is the Kulkarni-Nomizu product. There are two important consequences of this identity: First, since the Weyl tensor is conformally invariant, it follows that the behavior of the curvature tensor under a conformal change of metric is determined by the transformation of the Schouten tensor. The second consequence is that the splitting induces a splitting of the Euler form, so that the Chern-GaussBonnet formula can be expressed as • g −1 P denotes the (1, 1)-tensor (interpreted as an endomorphism of the tangent space at each point) obtained by 'raising an index' of the Schouten tensor, and σ 2 (g −1 P ) is the second elementary symmetric polynomial applied to its eigenvalues. To simplify notation we will henceforth write σ 2 (P ) in place of σ 2 (g −1 P ).
It follows from the conformal invariance of the Weyl tensor that both integrals in (1.3) are conformally invariant. While their sum is a topological invariant, their ratio can be arbitrary. As we now explain, when the scalar curvature is positive the ratio does carry geometric and topological information.
Given a Riemannian manifold (M n , g) of dimension n ≥ 3, let [g] denote the equivalence class of metrics pointwise conformal to g, and Y (M n , [g]) denote the Yamabe invariant:
V ol(g)
Rg dvg.
We can also express the Yamabe invariant in terms of the first symmetric function of the Schouten tensor: it follows from (1.1) that
2(n − 1)V ol(g) − n−2 n σ 1 (Pg) dvg.
With this interpretation of the Yamabe invariant, in dimension four we should view the conformal invariant σ 2 (P ) dv as a kind of "second Yamabe invariant" (see [16] , [35] , [15] ). We therefore define By a classical result of Lichnerowicz, there are topological obstructions to Y 1 (M 4 ) being non-empty [31] . There are also topological implications of Y 2 (M 4 ) being nonempty: by [17] , if Y Returning to the Chern-Gauss-Bonnet formula, for metrics g ∈ Y + 2 (M 4 ) we define the conformal invariant
We also define smooth invariant
The main results of [7] give a (sharp) range for β that imply the underlying manifold is the sphere:
then the same conclusion holds. Furthermore, if M 4 admits a metric with β(M 4 , [g]) = 4, then one of the following must hold:
, where g F S denotes the FubiniStudy metric.
As a corollary we have the following characterization of manifolds for which β(M 4 ) = 0: (2) There are a number of other sphere-type theorems under integral curvature conditions; see for example [4] , [5] , [15] , [10] , [2] , [27] , [3] , and the references in [7] .
Our first goal in this paper is initiating the study of four-manifolds with
Suppose M 4 is oriented, and let b 2 (M 4 ) denote the second Betti number. Then we can write b 2 = b 
This 'gap' theorem immediately gives a characterization of manifolds with b 2 (M 4 ) = 0 and β(M 4 ) = 4:
The proof of Theorem A is similar in approach to the proof of Theorem 1 in [7] . The first step is to find a conformal representative satisfying a pointwise curvature condition that encodes the integral assumptions of the theorem. In [7] this involved solving a modified version of the σ 2 -Yamabe problem. However, in the proof of Theorem B it is more natural to consider a modified version of the Yamabe problem introduced by the second author in [19] . In particular we show that a metric satisfying the assumptions of Theorem B can be conformally deformed to a metric that is "almost self-dual Einstein" in an L 2 -sense, and whose scalar curvature satisfies a condition similar to the condition satisfied by the scalar curvature of a Kähler metric.
As in the proof of Theorem 1, the second step involves the Ricci flow. In [7] the weak pinching result of Margerin [32] played a crucial role. To prove Theorem B, we show that the Ricci flow with the conformal representative constructed in the first step as the initial metric, will have uniform bounds on the curvature and the Sobolev constant on a fixed time interval [0, T 0 ], with T 0 > 0 depending on the pinching constant. These estimates together with the convergence theory of Cheeger-Gromov-Taylor [9] imply the family of Ricci flows g j (T 0 ) (up to a subsequence) will converge to the Fubini-Study metric.
In view of Theorems A and B, we make several conjectures. The first is that Theorem B remains valid if we drop the assumption on b
It is clear that 4 is a 'special' or 'critical' value of β, at which the topology of the underlying manifold can change. A natural question is the next critical value. As a corollary of [17] , we have the following estimate for manifolds with indefinite intersection form, i.e., b
Our next conjecture is that we can weaken the condition β(M 4 ) = 4, and characterize the possible topological types of manifolds admitting metrics with β between 4 and 8:
Preliminaries
In this section, we state and prove some preliminary results, including the proof of Theorem C. Several of the results in this section are based on the following result in [17] : The following lemma is the first application of this result:
Proof. The signature formula implies (2.3)
Substituting this into the Chern-Gauss-Bonnet formula, we have
Combining (2.3) and (2.4), we get
and this inequality can be rewritten as
Therefore, combining (2.6) and (2.7), we conclude
Remark 2.3. This lemma is sharp in the following sense:
In this case, b
Corollary 2.4. Let M 4 be a closed, oriented four-manifold admitting a metric
Then either b 2 (M 4 ) = 0, or the intersection form is definite.
Proof. Suppose b 2 (M 4 ) = 0 and b
is also non-zero, we can apply Lemma 2.2 to M 4 endowed with the opposite orientation to show that the signature is again positive. This is a contradiction, since changing the orientation changes the sign of the signature. It follows that b
Combining the two previous results with an a priori upper bound for the total σ 2 -curvature, we can prove the following:
Proof. By Corollary 2.4 we may choose an orientation for which the intersection form is positive definite, so b
By the Chern-Gauss-Bonnet formula and (2.9),
By Theorem B of [18] , we have the bound (2.13)
and equality holds if and only if (M 4 , g) is conformally equivalent to the round sphere. More generally, since the integral is conformally invariant it is easy to show that
Since b 2 (M 4 ) > 0 strict inequality must hold, and substituting this into (2.12) we get
It therefore suffices to rule out the possibilities b
, so by the Chern-Gauss-Bonnet formula
, so the signature formula gives
It follows that
Therefore,
, we can apply the same argument to conclude
which also contradicts (2.10). Therefore, b
Remark 2.6. The preceding lemma implies that if we take ǫ ≤ 1 in Theorem A, then b
Note that the work [13] and [14] of Donaldson and Freedman will imply that the manifold is homeomorphic to CP 2 in this case.
The Proof of Theorem C. We can now combine Theorem 2.1 and Lemma 2.2 to give the proof of Theorem C. Assuming b 
By Theorem 2.1 we conclude that τ (M 4 ) ≥ 0. Reversing orientation and applying the same argument (since b [33] , Einstein metrics are unique in their conformal class (except in the case of the sphere, which is ruled out in this case). Therefore, g KE = g ′ KE , and since equality holds in (2.1) with the opposite orientation it follows that ∇W − gKE ≡ 0. We conclude that g KE is locally symmetric and Einstein; it follows from the classification of such spaces (for example, [25] 
, and Theorem C follows.
2.1. A preliminary lemma. We end this section with a technical lemma that will be used in the proof of Theorem A. 
and
Proof. It follows from Lemma 2.5 that
By the Chern-Gauss-Bonnet and signature formulas, we have
Substituting this into (2.21) we conclude 
Therefore, by (2.25),
and (2.20) follows.
Modified Yamabe metrics
As mentioned in the Introduction, the proof of Theorems A and B will use the Ricci flow. We will use the fact that our assumptions are conformally invariant and choose an initial metric that satisfies certain key estimates. The metric will be a solution of a modified version of the Yamabe problem introduced in [19] , which we now review.
Let (M 4 , g) be a Riemannian four-manifold. Define
L g is a variant of conformal Laplacian that satisfies the following conformal transformation law:
. In analogy to the Yamabe problem, we define the functional
, and the associated conformal invariant
.
By the conformal transformation law of L g , the functional u → Y g [u] is equivalent to the Riemannian functional
The motivation for introducing this invariant is explained in the following result (see Theorem 3.3 and Proposition 3.5 of [19] ): 
Furthermore, equality is achieved if and only if F
Remark 3.3. In the rest of the paper, we will refer to the metric g in (iii) of Theorem 3.1, normalized to have unit volume, a modified Yamabe metric, and denote it by g m . To simplify the notation, we writeŶ (M,
and (3.8).
As a preparation for the proof of Theorem A in next section, in the rest of this section we will list some preliminary curvature estimates of the modified Yamabe metric g m ∈ [g] with the assumption b 
We end this section with a conformally invariant characterization of the FubiniStudy metric: Proof. By our assumptions we have χ(M 4 ) = 3 and τ (M 4 ) = 1. Then the GaussBonnet-Chern and signature formulas read
If equality holds then W − ≡ 0 and by (3.14) of Lemma 3.4 it immediately follows that E gm = 0. − and E in a pointwise sense. We do this in two stages: first, we show that for a small but uniform time, the Ricci flow applied to g m gives a metric for which W − and E are small in an L p -sense, for some p > 2. Next, we appeal to a parabolic Moser iteration estimate of D. Yang [37] to conclude L ∞ -smallness. The Bernstein-Bando-Shi estimates for the Ricci flow then imply bounds for C ∞ -norms of the curvature. To complete the proof we apply a contradiction argument using a compactness result of CheegerGromov-Taylor [9] .
We begin with some definitions: on (M 4 , g), define
. We shall suppress the subscript g when there is no confusion. Proof. This is a direct consequence of Lemma 3.4. Now recall some basic facts about the Ricci flow:
The following short time-time existence result of Ricci flow has been established in [21] . Along the Ricci flow, define G k (t) = G k (g(t) ). The following estimate is of fundamental importance for our argument. for some ǫ 0 is sufficiently small. Let
Assume in addition for
Then for 0 ≤ t ≤ T , we have
, where a and b are uniform positive constants independent of ǫ 0 . Moreover, there exists T 0 , which is independent of ǫ 0 such that T ≥ T 0 , and we may choose a = Proof. The proof is based on the evolution of the curvature under the Ricci flow in four dimensions, along with several algebraic inequalities. We begin by summarizing the evolution formulas we will need, most of which can be found in [11] : Lemma 4.5. Under (4.2) on Riemannnian four-manifolds,
Remark 4.6. For the evolution formulas of W ± we rely on unpublished notes of D. Knopf [26] .
As a corollary of the formulas above we have in four dimensions:
For the proof of Proposition 4.4 we will also need some algebraic inequalities. The first appears in ( [7] 
, and let λ W EE ≤ 4
Recall from Lemma 4.2 of [7] that
For a trace-free 3 × 3 matrix A, we have the sharp inequality:
Apply (4.21) to
Combining (4.20) and (4.22), we derive the desired inequality.
Now we turn to the proof of Proposition 4.4. From the definition of
Now estimate each term of the right hand side from formulas in Corollary 4.7.
The first inequality follows from Lemma 4.8. The second inequality follows from Cauchy-Schwartz inequality and the conformally invariant Sobolev inequality:
The third inequality follows from the smallness assumption of ǫ 0 . Next, we esimate
The first inequality is from Sobolev inequality and Cauchy-Schwartz inequality and the second inequality is from the smallness assumption of ǫ 0 .
With (4.24)(4.25)(4.26)(4.27), it is now easy to see from the smallness assumption of ǫ 0
Take a = 
Remark 4.9. The importance of this lemma is that T 0 does not depend on ǫ 0 , which implies that we may evolve the Ricci flow on a uniform time interval once we derive uniform bounds for curvatures.
With Lemma 4.1, it is easy to see that we may choose ǫ in Theorem A sufficiently small so that (4.3) is satisfied. To apply Proposition 4.4 and Proposition 4.13, we also need establish (4.4) and (4.5). We now establish these inequalities and prove the following proposition. 
and thereby
Now with the same argument in Lemma 2.7, we can derive
if we choose sufficiently small ǫ 0 . Since the initial metric is of positive Yamabe type and the square of Yamabe constant has a strictly positive lower bound, we have established (4.4) . Note that (4.29) and (4.31) imply that for some C > 0
To establish (4.5), it now suffices to derive a uniform lower bound for the volume since R 2 dv. In addition, there exists T 1 > 0 which does not depend on ǫ 0 such that T ′ > T 1 .
Proof. Recall the evolution equation for volume under the Ricci flow:
Hence, for 0
It is then easy to derive
From this inequality, it is easy to choose T ′ = min{ We now derive integral estimates for G 3 . For the sake of clearness, we first establish the estiamtes for |E| 3 dv and then derive a similar evolution inequality for G 3 dv as we did in Lemma 4.4. 
for any 0 < t ≤ T , where C is a universal constant which does not depend on ǫ 0 .
Proof. It is clear from (4.24) that
where C is a constant which does not depend on ǫ 0 . From (4.8), we can compute (4.37)
Note that
From this identity and (4.37), it is easy to derive for p ≥ 3
We now estimate the terms in last line of (4.38)
From the smallness assumption of ǫ 0 , it is now easy to derive
In this proof, we shall only need this formula for p = 2, 3. Take two smooth cut-off functions φ 1 and φ 2 such that 0 Now we prove an evolution inequality for G 3 dv similar as (4.6).
Proposition 4.13. Under the same conditions of Proposition 4.4, for
, where a ′ and b ′ are uniform positive constants independent of ǫ 0 and we may choose a ′ = c 1 a and b ′ = c 2 b, where c 1 and c 2 are universal positive constants.
Proof. The proof is similar to that of (4.6) . From the definition of G k , we have
Note that we shrink the time interval to [ 
constant multiple of |E| 3 dv from (4.46) and the smallness assumption of ǫ 0 .
The C in first line just depends on volume. For the second line, we may take K to be a small multiple of the Yamabe constant and absorb the first term of (4.61) by the Soblev inequality. The second term of (4.61) is bounded by a constant multiple of |E| 3 dv from (4.46) and the smallness assumption of ǫ 0 .
The last term can be absorbed by Sobolev inequality from the smallness assumption of ǫ 0 .
This term can be absorbed by Sobolev inequality from the smallness assumption of ǫ 0 . Combining all these estimates for |R −R|, we derive (4.64)
Now we combine (4.49)(4.50)(4.54)(4.64) to derive 4.47.
Lemma 4.14. With the modified Yamabe metric chosen as initial metric, under the Ricci flow, we have
Proof. The proof is fundamentally the same as that of Lemma 4.12. The only difference is to replace |E| k by G k (t) since we have evolution equations of same type as is shown in Proposition 4.4 and Proposition (4.13).
To derive the L ∞ -boundedness, we shall apply the following result established by Deane Yang in [37] . Given p 0 > 1, there exists a constant C = C(n, q, p 0 , C S , β) such that for 0 ≤ t ≤ T , Proof of Theorem A. We argue by contradiction. Suppose there is a sequence of manifolds (M j , g j ) satisfying β(M j , [g j ]) < 4(1 + ǫ j ) with ǫ j → 0 and each of them is not diffeomorphic to standard CP 2 . For each conformal class [g j ], we choose the modified Yamabe metric (g j ) G as initial metric and evolve the metric along Ricci flow. Then Lemma 4.16 and Lemma 4.17 will imply that there is a time T such that the curvatures of g j ( T ) are uniformly bounded in C ∞ -norm and the Sobolev constants are also uniformly bounded. The convergence theory [9] established by Cheeger, Gromov and Taylor then shows that there is a subsequence of {(M j , g j ( T ))} which converges smoothly to a manifold (M ∞ , g ∞ ). As ǫ j → 0, we obtain that (M ∞ , g ∞ ) satisfies . Since the convergence is smooth, we thereby obtain that (M j , g j ) must be diffeomorphic to CP 2 with standard differentiable structure when j is sufficiently large. This is clearly a contradiction to our assumption. Hence, we have proved the theorem. where ǫ > 0 is from Theorem A. From Theorem A we conclude that M 4 is diffeomorphic to CP 2 . In addition, if g is a metric on CP 2 for which β(M 4 , [g]) = 4, then taking ǫ = 0 in Lemma 2.7 we see that g is self-dual. It follows, for example, from [34] that (M 4 , [g]) is conformally equivalent to (CP 2 , g F S ).
